Abstract. We show that on a Hermitian surface M , if M is weakly * -Einstein and has J-invariant Ricci tensor then M is Einstein, and vice versa. As a consequence, we obtain that a compact * -Einstein Hermitian surface with J-invariant Ricci tensor is Kähler. In contrast with the 4-dimensional case, we show that there exists a compact Einstein Hermitian (4n + 2)-dimensional manifold which is not weakly * -Einstein.
Introduction
The Riemannian version of the Goldberg-Sachs Theorem [1] says that the self-dual Weyl tensor W + of an Einstein Hermitian surface M is degenerate, i.e., at least two of its three eigenvalues coincide. In fact, this implies that M is weakly * -Einstein. Another weak form of the Einstein condition is the J-invariant condition for the Ricci tensor. In this note, we show that, on a Hermitian surface, both weak versions of the Einstein condition together are equivalent to the Einstein condition. In contrast with the 4-dimensional case, we show that there exists a compact Einstein Hermitian (4n + 2)-dimensional manifold which is not weakly * -Einstein. More precisely we obtain the followings: 
Preliminaries
Let M = (M, J, g) be a Hermitian manifold with complex structure J and compatible Riemannian metric g, i.e., g(JX, JY ) = g(X, Y ) for vector fields X, Y . Denote by Ω(X, Y ) the Kähler form of M defined by Ω(X, Y ) = g(JX, Y ). We shall always consider M with the orientation determined by the complex structure J. The Riemannian curvature R, the Ricci tensor Ric and the scalar curvature s of M are defined by
Furthermore, we define the * -Ricci tensor and * -scalar curvature of (J, g) by
The * -Ricci tensor is in general neither symmetric nor skew-symmetric and satisfies the equation: Ric
. Note that on a Kähler manifold, the * -Ricci tensor and the Ricci tensor coincide; this is a consequence of the Kähler identity R(X, Y )(JZ) = J(R(X, Y )Z), which itself follows from the fact that ∇J = 0. We shall say that M is weakly * -Einstein if and only if the * -Ricci tensor is a functional multiple of the metric g, i.e., Ric * = λg. Note that in contrast to Einstein manifolds the * -scalar curvature of a weakly * -Einstein manifold M need not be a constant and when this holds, we shall simply say that M is * -Einstein. We also consider the curvature tensor R 
Here Ric * 0 is the traceless * -Ricci tensor. Hence the Weyl tensor W = (W ijkl ) of M can be expressed as
Here δ ij is the Kronecker delta. We denote J ij by
From now on the components of tensors shall be considered under orthonormal frame. Indices with an overbar are the ones with respect to {Je i }, for example,
Using this notation, we have
. Then we also consider the curvature tensor R as an endomorphism of the bundle 2 M as follows: 
Let M =(M, J, g) be a Hermitian surface (i.e., a Hermitian manifold of real dimension 4). From now on we identify 2-vectors with 2-forms. Then usual type decomposition
where RΩ is the line bundle generated by the Kähler form Ω and
On the other hand we can extend J to act on 2-forms as follows: J(A)(X, Y ) = A(JX, JY ) for a 2-form A.
Proof of Theorem 1 and Corollary 1
Let M = (M, J, g) be a Hermitian surface. From now on we assume that all tensors are continued by complex linearity. For an orthonormal frame {e 1 , Je 1 , e 2 , Je 2 } we set 
From (1), we have
where A (ij) and A [ij] are the symmetric and skew-symmetric part of a tensor A ij , respectively. It is easy to see that only
is the component of a section of ( The product of odd dimensional spheres S 2n+1 × S 2m+1 can be provided with a complex structure [3] , defined as follows: let N 1 and N 2 be the outward normals to the spheres S 2n+1 and S 2m+1 sitting inside C n+1 and C m+1 , respectively, and let J 1 and J 2 be the standard complex structures on these spaces. Since J 1 N 1 and J 2 N 2 are globally defined vector fields on the respective spheres, we can decompose any vector field X on S 2n+1 × S 2m+1 as
where X 1 is tangent to S 2n+1 and perpendicular to J 1 N 1 , while X 2 is tangent to S 2m+1 and perpendicular to J 2 N 2 . The notion of perpendicularity is defined using the standard metrics on R 2n+2 = C n+1 and R 2m+2 = C m+1 , respectively.
Using this decomposition, we may now define the (1,1)-tensor J C by
This J C on S 2n+1 ×S 2m+1 is in fact a complex structure [3] . For each sphere factor in S 2n+1 ×S 2m+1 we have the Hopf fibration onto a complex projective space and so their product produces a Riemannian submersion S 2n+1 × S 2m+1 → CP n × CP m . We obtain a decomposition of the tangent space at each point into a horizontal and vertical component. For our purpose we consider the product of odd dimension sphere S 2n+1 with itself. Obviously the product metric g prod of the standard metric on each sphere factor in S 2n+1 × S 2n+1 is Einstein. Furthermore, the product metric g prod on S 2n+1 ×S 2n+1 is compatible with J C . Under the complex structure J C , the * -Ricci tensor of g prod is not a functional multiple of the metric g prod . In fact we have Ric * (V, V ) = 0 and Ric * (Y, Y ) = 0, where V is a vertical vector and Y is a non-trivial horizontal vector. Summing up the above argument, we can conclude that M = (S 2n+1 × S 2n+1 , J C , g prod ) is a compact Einstein Hermitian manifold which is not weakly * -Einstein. This completes the proof of Theorem 2.
